Abstract. We prove a priori estimates for a generalised Monge-Ampère PDE with "non-constant coefficients" thus improving a result of Sun in the Kähler case. We apply this result to the deformed Hermitian Yang-Mills (dHYM) equation of Jacob-Yau to obtain an existence result and a priori estimates for some ranges of the phase angle assuming the existence of a subsolution. We then generalise a theorem of Collins-Székelyhidi on toric varieties and use it to address a conjecture of Collins-Jacob-Yau.
Introduction
According to some versions of superstring theory the spacetime of the universe is constrained to be a product (more generally a fibration) of a compact Calabi-Yau three-fold and a four dimensional Lorentzian manifold. A "duality" relates the geometry of this Calabi-Yau manifold with another "mirror" Calabi-Yau manifold. From a differential geometry standpoint this maybe thought of (roughly) as a relationship between the existence of "nice" metrics on a line bundle on one CalabiYau manifold and special Lagrangian submanifolds of the other Calabi-Yau manifold. Using the Fourier-Mukai transform on a torus fibration, Leung-Yau-Zaslow suggested [6] that this "mirror symmetry" implies that the following special Lagrangian-type PDE ought to be satisfied on a compact Kähler manifold (X, ω) of complex dimension n.
where F is the curvature of the Chern connection of a hermitian metric on a holomorphic line bundle L and tan(θ) is the constant defined by integrating equation 1.1 on both sides. The angleθ has been christened "the phase angle".
In [5] , Jacob and Yau showed that for a given ample line bundle L over a compact Kähler manifold with non-negative orthogonal bisectional curvature, L k admits a solution to the equation 1.1. In [1] Collins, Jacob and Yau showed existence under the assumption of a subsolution with supercritical phase. In this paper we aim to get similar results using a different method.
We first prove a priori estimates for a generalised Monge-Ampère PDE with "non-constant" coefficients. In the Kähler case this is an improvement of a result of Sun [9] .
where c k ≥ 0 are smooth functions such that either c k = 0 or c k > 0 throughout, and k c k > 0. Then 
In addition, we assume that c k as defined above are either strictly positive throughout or are identically zero. 
In addition, we assume that c k as defined above are either strictly positive throughout or are identically zero. [1] . But the point here is not so much the theorem itself as the proof of it. The estimates involved and the method of continuity used are much simpler compared to those in [1] .
The main assumption of having a subsolution in theorem 1.2 is actually quite difficult to check. It seems that it is almost as difficult as actually solving the equation itself. Therefore, it is desirable to have easier "algebro-geometric" assumptions on a generalised Monge-Ampère equation akin to the J-flow equation in [2] . Indeed, by modifying the technique in [2] we get the following result on toric varieties. Notice that the following result is also an improvement of [2] even in spirit because we are allowing c 1 = 0 in this theorem (at the cost of assuming that c n > 0).
Theorem 1.5. Let X be a compact toric manifold of dimension n, with two toric Kähler metrics Ω and ω.
Suppose that
where c k ≥ 0 are constants such that either c 1 > 0 or c n > 0. Also assume that
for all p-dimensional toric subvarieties and all p ≤ n − 1. Then there is a smooth Kähler metric
for a suitable constant d ≥ 0 with equality holding if and only if equality holds in inequality 1.5.
Using this theorem we get the following corollary which addresses conjecture 1.4 of [1] . Almost all the results in this paper are based on the observation that equation 1.1 can be treated as a generalised Monge-Ampère equation. We believe that one can push these techniques further in order to obtain more general results. This will be investigated in future work. Acknowledgements : The author thanks Gábor Székelyhidi for helpful discussions.
Corollary 1.6. For every toric subvariety V of a toric manifold X, define
θ V = Arg V (ω − F) dim V .
Some a priori estimates for the generalised Monge-Ampère equation
In this section we prove a fairly general a priori estimate on compact Kähler n-dimensional manifolds (X, ω) with another Kähler metric Ω φ = Ω + √ −1∂∂φ. First one has a uniform estimate.
where c k ≥ 0 are smooth functions. Then
The proof of this lemma follows almost word-to-word from [10] and is hence omitted. Alternatively one can use the "standard" Moser iteration type argument ( [9] for instance).
Next we prove a Laplacian bound for generalised Monge-Ampère equations with "non-constant coefficients" (an improvement of a result of Sun [9] in the Kähler case). Using Evans-Krylov theory one can prove that φ C 2,α ≤ C. We change the normalisation of φ to be inf φ = 1. For this estimate we need the uniform estimate. Proof of theorem 1.1 : Define σ k (A) as the coefficient of t k in det(I + tA) and S k (A) = σ n−k (A) σ n (A) for Hermitian matrices A whose eigenvalues will be denoted by λ i . Recall that for diagonal positive matrices A and arbitrary Hermitian matrices B we have the following standard result (for instance lemma 8 in [2] ). We denote all constants by C in whatever follows.
Akin to Yau's celebrated proof of the Calabi conjecture, let ψ = e −γ(φ) nω n−1 Ω φ ω n be a function where γ(x) is to be chosen later. Assume that the maximum of ψ is attained at p and that coordinates are chosen near p so that
At p, ∇ψ = 0 and ∇ 2 ψ is negative-definite. Using this we have,
At this point we divide equation 1.2 on both sides by Ω n φ and differentiate once to obtain at p
Differentiating again and using inequality 2.2 we get
Using 2.5 in 2.3 we get (after simplifying)
At this juncture, we notice that (here is where we use the assumption that either c k is identically zero or c k > 0 everywhere)
Likewise, using the Cauchy-Schwartz inequality on the first two terms of 2.6 we see that
Putting 2.6, 2.7, and 2.8 together we obtain
It is easy to see (for instance using Lagrange multipliers for the second inequality) that
Using 2.10 in 2.9 we see that
Using the first equation in 2.3 we see that
Using another standard lemma (originally due to Fang-Lai-Ma [4] ) in the form of lemma 4.1 in [9] we see that (assuming that γ ′ ≥ 0)
for some uniform constant θ > 0. Choosing γ(x) = ln(x) ǫ we see that −γ ′′ − ǫ(γ ′ ) 2 = 0, and γ ′ ≥ 1 ǫ sup φ . Choosing ǫ to be sufficiently small we see that
(p) has to be bounded above to avoid a contradiction.
Proof of theorem 1.2 : Using the method of continuity as in [8] one can (re)prove an existence result for the generalised Monge-Ampère PDE in the case where c k are constant [8, 9, 2] . We rewrite equation 1.1 as follows.
If n = 2m, let Ω = √ −1F 0 + ω cot(θ). Calculations similar to 2.14 show that
In either case, 1.1 boils down to
Using the assumptions of the theorem and the comments in the beginning of the proof we obtain the required a priori estimates for non-constant phase and existence result for constant phase.
Toric varieties
We first state and prove a theorem that is almost the same as theorem 1.5 with one extremely important difference, namely, c 1 is assumed to be positive. The proof of the following theorem follows [2] very closely (we just use more general C 2,α estimates borrowed from [7] ). Proof of theorem 3.1 : Just as in [2] the proof proceeds by induction on the dimension n of M. For one dimensional manifolds the result is straightforward. Consider the method of continuity
For t → ∞ there exists a solution using the Calabi-Yau theorem and the implicit function theorem. Thus the problem reduces to proving that the infimum of t ≥ 0 for which the equation has a solution is 0. For this one needs C 2,α a priori estimates on φ. Using the induction hypothesis one sees that the equation
has a smooth solution over each of the toric divisors D i of X. Using the φ i , just as in [2] one can construct a viscosity supersolution φ to the equation in a neighbourhood U of the union of the toric divisors D = ∪ i D i and use it to reduce the C 2 estimate on U to a C 2 estimate on ∂U. If one manages to prove a C 2,α estimate outside U, then one can use a lemma of Tosatti and Weinkove [11] to prove a global C 2 estimate. The Evans-Krylov theorem then gives C 2,α estimates thus completing the proof. In order to prove C 2,α estimates outside U, one just needs to prove such estimates on every compact set K outside U. Since we are dealing with torus invariant metrics, we may assume that locally Ω = √ −1∂∂g and ω = √ −1∂∂ f where g and f are convex. By using the moment map (i.e. ∇g) one can easily see find a C 1 estimate (lemma 26 in [2] ). Given a C 2 estimate, one can obtain a C 2,α estimate by the Evans-Krylov theorem.
To prove a C 2 estimate, one uses a contradiction argument in conjunction with the Legendre transform. Very roughly speaking, the Legendre transform converts D 2 g to D 2 h = (D 2 g) −1 . Therefore, an upper bound on D 2 g translates into a lower bound on D 2 h. If this is violated and D 2 h becomes degenerate somewhere, then a theorem of Bian-Guan ensures that it is degenerate everywhere (this is one of the places where we use the hypothesis that c 1 > 1) and this provides the desired contradiction. The details of this idea are in proposition 27 of [2] . However, in order to use the contradiction argument we need to take a limit (it is to that limiting h that we apply the Bian-Guan theorem). To this end, one needs the following lemma (essentially a C 2,α estimate) : The proof of this lemma follows from the results in [7] and repeating the blowup argument almost word-to-word of proposition 29 in [2] . Now we use a small trick to complete the proof of theorem 1.5.
